Introduction {#Sec1}
============

The one-dimensional asymmetric simple exclusion process (ASEP) with open boundaries has been of great importance as a model system towards understanding nonequilibrium phenomena. The matrix ansatz, which has since become an important tool^[@CR1]^, was developed to compute the nonequilibrium steady state (NESS) of the totally asymmetric version of the single-species ASEP^[@CR2]^ (TASEP). Using this ansatz, various measurable quantities such as the density and current were calculated in the NESS, from which the exact nonequilibrium phase diagram was derived. While many rigorous results are known in one dimension, there are none for higher dimensional exclusion processes in contact with reservoirs.

The exact calculation of various out-of-equilibrium quantities was also useful in formulating general principles. For example, the diffusion constant was first calculated exactly for the open TASEP^[@CR3]^. Using the integrability of the ASEP, the spectrum of the transition matrix was computed^[@CR4]^. The large deviation functional for the density profiles^[@CR5]^ and the large deviation function for the current^[@CR6],[@CR7]^ was derived using the matrix ansatz. These calculations helped in the formulation of two general principles for driven diffusive systems; the additivity principle^[@CR8]^ and the macroscopic fluctuation theory^[@CR9]^.

It is natural to extend the ASEP to several species of particles. Multispecies exclusion processes have applications to studies of traffic flow^[@CR10]^, cell motility^[@CR11],[@CR12]^, chemotaxis^[@CR13]^, chemical reactions^[@CR14]^ and biological transport in ion-channels^[@CR15]--[@CR17]^. The ASEP with second-class particles was first considered with periodic boundary conditions^[@CR18]^. The first model with two species and open boundaries whose NESS was determined exactly was a model where positive and negative charges moved in the lattice under the influence of an electric field^[@CR19]^. Much later, a two-species model called the *semipermeable TASEP* ^[@CR20],[@CR21]^ was considered, where second-class particles were confined to the lattice. The computation of the NESS was later generalised to the semipermeable ASEP^[@CR22]^. The NESS of a version with more general boundary conditions was also determined exactly^[@CR23]^. Later on, the phase diagram for a large class of ASEPs with two species and open boundaries was obtained^[@CR24],[@CR25]^. More recently, classes of integrable ASEPs with multiple species of particles and open boundaries were determined^[@CR26]^.

In this work, we study a multispecies exclusion process on a finite one-dimensional lattice with *r* species of charges called the mASEP introduced recently^[@CR27]^. The hopping rates in the bulk are asymmetric and those in the boundary are defined in such a way that there are *r* + 1 conserved particle numbers. The main results are the following. We obtain the complete (*r* + 2)-dimensional phase diagram and present formulas for all densities and currents in the thermodynamic limit in all regions of the phase diagram. It will turn out that all the macroscopic features can be explained by a new structure which we call a *nested fat shock*. To make the presentation self-contained, we review the features for the semipermeable ASEP in Section I of the Supplementary material. We will prove these results in Section II of the Supplementary material by using projections to the semipermeable ASEP.

Results {#Sec2}
=======

The mASEP is defined on a one-dimensional lattice of size *n*, where each site is occupied by exactly one particle of type $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb{1}}-\overline{{\mathbb{1}}}$$\end{document}$ boundary in the rescaled mTASEP with *r* = 2. Each connected region is labelled with the species of a particle and the height of a region at a given location represents the density of that species at that point.
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                \begin{document}$${\mathbb{2}}-\overline{{\mathbb{2}}}$$\end{document}$ boundary in the rescaled mTASEP with *r* = 2. Each connected region is labelled with the species of a particle and the height of a region at a given location represents the density of that species at that point.

One can now derive the density profiles in regions $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{{\mathbb{2}}}$$\end{document}$ can be calculated by forcing the nested fat shock in Fig. [4](#Fig4){ref-type="fig"} to be pinned to the left and right respectively.

The general structure of the nested fat shock is explained in the next section.

Nested fat shock {#Sec4}
----------------

All coarse features of the phase diagram in Fig. [2](#Fig2){ref-type="fig"} are explained by the nested fat shock construction. This is a generalisation of the *fat shock* construction, which explains the phase diagram for the semipermeable TASEP^[@CR21]^ (i.e. the mTASEP with *r* = 1). Roughly speaking, the fat shock consists of a macroscopic interval of the system, where all the $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{1}$$\end{document}$'s, with a constant macroscopic width. For more details on the fat shock, see Section I of the Supplementary material.

The nested fat shock is a macroscopic interval of the system where, for some *j* ≥ 0, particles of species $\documentclass[12pt]{minimal}
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Particles of species 0 have a nonzero constant density in a subinterval of fixed width inside this interval. Particles of species 1 (resp. $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{j}$$\end{document}$ on the left. The boundary between any two adjacent subintervals is a shock-front. Depending on which part of the phase diagram the system finds itself in, the nested fat shock can have either negative, positive or zero drift. If the drift is negative, the negatively charged subintervals containing $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{1,}\ldots ,j$$\end{document}$ will vanish. If there is zero drift, all subintervals will exist and move in a synchronised fashion.

The top row of Fig. [5](#Fig5){ref-type="fig"} shows the structure of the nested fat shock in these three cases in the most general scenario. We give a concrete example of a simulation run of the mTASEP with *r* = 2 in the bottom row of the figure, which shows the results for phases (a) $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{1},0$$\end{document}$ and 1 only. If the nested fat shock has nonzero drift, it gets pinned to one of the boundaries; it is pinned on the left in (a) and on the right in (b). When the nested fat shock is pinned to the left, it consists of species 0 and 1, and particles of species $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{2}$$\end{document}$ are shown in white. See Supplementary Videos [1](#MOESM2){ref-type="media"}, [2](#MOESM3){ref-type="media"} and [3](#MOESM4){ref-type="media"} showing the spatiotemporal evolution of the nested fat shocks in simulation runs for (**a**), (**b**) and (**c**) respectively.

The precise details for each phase are given below.
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                \begin{document}$${\mathbb{0}}$$\end{document}$ {#Sec5}
---------------------------------------------------------------

Here, only the particles of species 0 participate in the nested fat shock and the width of the shock is larger than the system size. As a result, all densities are constant throughout the system. This explains the densities and currents in region ![](41598_2017_12768_Figf_HTML.gif){#d29e5761}. See the density plot in Fig. [1(e)](#Fig1){ref-type="fig"} for the result of simulations.
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                \begin{document}$$\overline{{\mathbb{j}}}$$\end{document}$ {#Sec6}
----------------------------------------------------------------------------------------------------
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                \begin{document}$$\overline{j-1},\ldots ,0,\ldots ,j-1$$\end{document}$ participate in the nested fat shock. The velocity of this shock is negative and it gets pinned to the left boundary. However, this is not a stable situation. Initially, particles of species $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{j-1}$$\end{document}$ will be replaced by those of species *j* − 1, which will then move rightwards in the bulk, until they join the subinterval of the nested fat shock occupied by the particles of species *j* − 1. Once that process is completed, a similar phenomenon will happen with particles of species $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{0,}\ldots ,j-1$$\end{document}$ participating in the shock, which will be pinned to the left.

We point out two new nonequilibrium features of this phase which can be seen in the top row of Fig. [5(a)](#Fig5){ref-type="fig"}. First, note that species 0 through *j* − 1 are localised in the interior of the system. Each of these species has undergone phase separation, with one region of non-zero density and the remaining of zero density. The precise locations of the region with non-zero density can be calculated from the values of $\documentclass[12pt]{minimal}
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                \begin{document}$${\theta }_{0},\ldots ,{\theta }_{j-1}$$\end{document}$. What is more interesting is that species 1 through *j* − 1 are localised *away from the boundary*. This is somewhat counterintuitive since we have taken the thermodynamic limit and these particles are infinitely far away from the boundary. We call this phenomenon *dynamical localisation*. Such a phenomenon cannot occur in an equilibrium system. The second new feature is the complete absence of particles of species $\documentclass[12pt]{minimal}
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Discussion {#Sec8}
==========

In this work, we have found the complete phase diagram for a very general multispecies exclusion process, called the mASEP, in contact with reservoirs. We have found two nonequilibrium phenomena, namely dynamical localisation and dynamical exclusion. Just like the fat shock construction explained the gross features of the semipermeable TASEP in all phases, we find a new object called a nested fat shock which explains the features here. Since the widths of the subintervals in the nested shock are fixed because of the conservation of the total number of *j* and $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{j}$$\end{document}$ species, the system is extremely constrained. These constraints play a crucial role in establishing the structure in the various phases. It is an interesting open question as to how the phase diagram will look like with more general boundary rates.

The proofs of our results have appealed in a fundamental way to the colouring argument. It is natural to ask how general this argument is. We are working on a large class of multispecies exclusion processes by systematically exploiting this argument, and we expect new kinds of dynamical structures to appear.

In recent times, multispecies exclusion processes have found applications in physical, chemical and biological systems, as mentioned in the introduction. It would be interesting to see whether experimental realisations can be found for the various phases that we have shown in this work.

Methods {#Sec9}
=======

Two different methods were used to obtain the results in this paper. The first method is a mathematically rigorous analysis, leading to the picture of the phase diagram. The second method uses simulations to justify the physical picture of the nested fat shock explained here.

The phase diagram was rigorously obtained by applying a suitable projection on the stochastic process. The details are explained in Section II of the Supplementary material.

The simulations were performed using random sequential updates (RSUs) according to the rules of the dynamics. After reaching steady state, we calculate densities by recording fractional occupation numbers at every site, and currents by noting incoming and outgoing species on the left boundary during subsequent sequences of RSUs. All density profiles show densities for each species averaged over such large sequences. Supplementary Videos showing the evolution of the nested fat shock were obtained by keeping track of individual particles during the RSUs.

Electronic supplementary material
=================================

 {#Sec10}

Supplementary Information: The exact phase diagram for a class of open multispecies asymmetric exclusion processes Supplementary Video 1 Supplementary Video 2 Supplementary Video 3

**Electronic supplementary material**

**Supplementary information** accompanies this paper at 10.1038/s41598-017-12768-8.

**Publisher\'s note:** Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

This work is partially supported by UGC Centre for Advanced Studies. We thank R. Pandit for many useful discussions.

A.A. conceived the project, D.R. conducted the simulations and prepared the figures, A.A. wrote the main manuscript text. A.A. and D.R. analysed the results. All authors reviewed the manuscript.

Competing Interests {#FPar1}
===================

The authors declare that they have no competing interests.
